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We construct a large family of Planar Maximally Entangled (PME) states which are a wider class
of multi-partite entangled states than Absolutely Maximally Entangled (AME) states. These are
states in which any half of the qudits are in a maximally mixed state, provided that they form a
connected subset. We show that in contrast to AMEs, PMEs are easier to find and there are various
PMEs for any even number of qudits. In particular, while it is known that no AME state of four
qubits exists, we show that there are two distinct multi-parameter classes of four qubit PMEs. We
also give explicit families of PMEs for any even number of particles and for any dimension.
I. INTRODUCTION
In contrast to bipartite entangled states where we have a complete knowledge about their characterization and
measures of entanglement at least for pure states, our knowledge about multipartite states is far from satisfactory. It
is now well known that multipartite entanglement is an important resource in areas like quantum networks [1], tensor
networks [2], quatum metrology [3–5], and distributed quantum computing [6, 7]. This makes the study of multipartite
entanglement an appealing and important problem in quantum information theory which may remain to be so for
years. While for the bipartite case, Bell states define the top maximally entangled states in the hierarchy of bipartite
states, for the multi-partite states there is no single hierarchy and it has been shown that there are independent
families of states which cannot be inter-converted by Local Operation and Classical Communication (LOCC) [8–10].
The number of these families grows rapidly with the number of particles. Moreover, in the multipartite case the
number of possible partitions for which we have to characterize the entanglement grows exponentially, making the
problem of defining maximally entangled states very problematic. Therefore one has to define maximal entanglement
with a view toward specific applications. It is in this background that in recent years the concept of Absolutely
Maximally Entangled (AME) states has emerged and has been extensively studied [11–16]. These are the states of n
particles such that any collection of
⌊
n
2
⌋
particles are in a maximally mixed state. A prototype of this is the GHZ state
for 3 particles. It has been shown that these states have a rich structure with many connections to other concepts
in mathematics and applications to physics including parallel teleportation and threshold quantum secret sharing
schemes [11], quantum error correcting codes[14], combinatorial designs [17–19], and microscopic models [20–22] of
holographic duality [23, 24].
In a long search for the AME states, it has been shown that for each fixed number of particles n when the dimension
d of states grows, it is generally possible to find such states, however for low dimensions there are severe restrictions.
For example it has been shown that for qubits (d = 2), there are no AME states when n = 4 [25]. For n = 5 and
n = 6 AME states are known to exist [26–28], and n = 7 qubit states are proved not to exist [29]. See [30] for a list
of positive and negative results.
Given the multitude of constraints that a state must satisfy in order to be an AME state and the subsequent rarity
of such states, one may ask if it is possible to search for a wider class of entangled states with a lower number
of constraint. At first this may be simply a mathematical curiosity but it may be the case that such states find
applications as well. It was in [31] that with this view, the notion of perfect tangles was put forward. These new
states which for the sake of uniformity of nomenclature, we call Planar Maximally Entangled (PME) states have
the property that any collection of
⌊
n
2
⌋
adjacent particles are in a completely mixed state and by adjacent here we
also imply periodic boundary conditions. Figure (2) elaborates this concept. It is quite natural to expect there may
be many more PME states than AME states. Nevertheless, we emphasize that finding such states is still a highly
nontrivial task. In this work, we study these states and provide several classes of examples. In section (III), we show
that in the four qubit case, there are two multi-parameter classes of PMEs in contrast to the AME states which do
not exist for four qubits. Then in section (IV), we introduce larger classes of such states for larger number of particles
and for higher dimensional states. Finally in section (V), we briefly discuss applications of these states in different
areas like teleportation and quantum state sharing [11].
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2II. SOME PRELIMINARY FACTS
Consider a partition of the particles into parts A and B with |A| ≤ |B| and expand a state |Ψ〉 as
|Ψ〉 =
∑
k
|k〉A|φk〉B . (1)
Then the density matrix of part A is given by
ρA =
∑
k,k′
|k〉A〈k′|〈φk|φk′〉B . (2)
For this density matrix to be maximally mixed, we require that the states {|k〉} form a basis for the Hilbert space of
part A and the states {|φk〉} be orthogonal and with equal norm. Another way of saying this is to demand that the
operator
Ψˆ :=
∑
k
|φk〉B〈k|A : HA −→ HB , (3)
be proportional to an isometry, that is Ψˆ†Ψˆ ∝ IA. For AME states, this condition should be satisfied for all of the
partitions, and for PME states, we demand that this condition be satisfied only for connected partitions, i.e. partitions
composed of adjacent particles, given the periodic boundary condition. When |A| = |B| = N , the operator Ψˆ will be
proportional to a unitary. In this case, when ρA =
1
N IA, one has also ρB =
1
N IB . Finally we should note the obvious
fact that when A is in a maximally mixed state, any subset of A is also in a maximally mixed states. With these
preliminaries, we can now construct various families of PMEs for different even number of particles and in different
dimensions. We start from the simplest case of four qubits.
III. FOUR PARTICLE PME STATES FOR QUBITS
For 3 particles, and in view of the periodic boundary conditions, there is no difference between an AME state and a
PME state. The only AME state is the GHZ states |GHZ〉 = 1√
2
(|000〉+ |111〉). The difference between AME states
and PME states starts at n = 4 particles. It is well known that for qubits, there is no AME states of four particles
[25]. We now show that there are indeed PME states of qubits for n = 4 and show that there are two distinct families
of such states.
Consider a general state of four qubits
|Ψ〉 = 1
2
1∑
i,j,k,l=0
αijkl|i, j, k, l〉. (4)
A basic result of [32] on generalized Schmidt decomposition of multi-partite states indicates that with a suitable choice
of basis one can always fulfill:
α1000 = α0100 = α0010 = α0001 = 0 (5)
.
This state can be partitioned as
|Ψ〉12,34 =
1
2
(
|00〉|φ00〉+ |01〉|φ01〉+ |10〉|φ10〉+ |11〉|φ11〉
)
, (6)
where we have used the partition (12, 34) as denoted in the left hand side. For this state ρ12 =
I
4 , if and only if
〈φij |φkl〉 = δikδjl. (7)
3Expressed equivalently, this means that the matrix whose columns are the vectors |φij〉 should be a unitary matrix.
One can do a similar decomposition for the partition (23, 41) in the form
|Ψ〉23,41 =
1
2
(
|00〉|χ00〉+ |01〉|χ01〉+ |10〉|χ10〉+ |11〉|χ11〉
)
, (8)
from which one concludes that the matrix whose columns are the vectors {|χij〉} should also be unitary. Expanding
both sets of vectors in terms of the computational basis, one finds that the following different matrices formed out of
the coefficients αijkl should be unitary at the same time:
U =
 α0000 0 0 α00110 α0101 α0110 α01110 α1001 α1010 α1011
α1100 α1101 α1110 α1111
 , (9)
and
W =
 α0000 0 0 α01100 α1010 α1100 α11100 α0011 α0101 α0111
α1001 α1011 α1101 α1111
 . (10)
Theorem: There are two distinct classes of four-qubit PME states, these are a five parameter family
|ΨA〉1,2,3,4 = 1
2
[|0000〉+ eiθ|1010〉+ e|0101〉+ d|1111〉+ g|0111〉+m|1101〉], (11)
where
(
e g
m d
)
is a unitary matrix and another five-parameter family
|ΨB〉1,2,3,4 = 1
2
cosφ
[
eiα|0000〉+ e−iα|1111〉+ eiβ |0101〉+ e−iβ |1010〉]
+
1
2
sinφ
[
eiγ |0011〉 − e−iγ |1100〉+ eiδ|0110〉 − e−iδ|1001〉]. (12)
The intersection of these two families is provided by setting φ = g = m = 0 and re-labeling the remaining phases,
leading to the one-parameter family below, (see figure (1))
|Ψ0〉 = 1
2
[|0000〉+ |1111〉+ eiβ |0101〉+ e−iβ |1010〉] . (13)
4| Ai
FIG. 1: There are two 5-parameter families of 4-qubit PME states. They intersect each other at a one-parameter
family given by |Ψ0〉. The number of edges symbolically depicts the number of parameter for each of the three classes.
Proof: First we note that if |Ψ〉1,2,3,4 is a PME state, then its cyclic permutation |Ψ〉4,1,2,3 is also a PME state. We
consider these two states equivalent. In order to classify all PME states of four qubits, it is convenient to rename the
entries of the two matrices U and V to simpler letters. So we want the following two matrices to be unitary:
U =
 a 0 0 b0 e f g0 h k l
c m n d
 and W =
 a 0 0 f0 k c n0 b e g
h l m d
 , (14)
Orthogonality of rows and columns of both matrices, put many constraints on the remaining 12 complex parameters.
The problem is how to go through an exhaustive and exclusive list of this constraints which is also simple. To this
end we start from the condition cm = 0 and then follow the consequences of our two choice. We repeatedly use the
orthogonality of different rows and columns of both matrices, use the property that if in any single row or column of
a unitary matrix, an entry has unit modulus, then all the other entries should vanish. At the end we also use freedom
of a global phase. To make the argument transparent, we depict implications by right arrows → above which the
letter U or W indicates which matrix has been taken into account for that implication:
Class A: c = 0
We have from (14)
c = 0
U−→ a = 1 U−→ b = 0, a = 1 W−→ (h = 0 f = 0), (15)
where we have used a global phase to put a = 1. This leads to
U =
 1 0 0 00 e 0 g0 0 k l
0 m n d
 and W =
 1 0 0 00 k 0 n0 0 e g
0 l m d
 , (16)
5We will now divide this class into two subclasses as follows:
Subclass A1: g 6= 0.
Then we have from (16)
g 6= 0 U−→ l = 0, and W−→ n = 0. (17)
which leads to the following form for the matrices
U =
 1 0 0 00 e 0 g0 0 eiθ 0
0 m 0 d
 and W =
 1 0 0 00 eiθ 0 00 0 e g
0 0 m d
 , (18)
where
(
e g
m d
)
is a unitary matrix with four parameters, this leads to the state (11).
Subclass A2: g = 0.
Then we have from
g = 0
U−→ e = eiθ, and W−→ m = 0. (19)
which leads to the following form for the matrices
U =
 1 0 0 00 eiθ 0 00 0 k l
0 0 n d
 and W =
 1 0 0 00 k 0 n0 0 eiθ 0
0 l 0 d
 , (20)
where
(
k n
l d
)
is a unitary matrix with four parameters. This leads to a state which is equivalent to the state (11)
with a cyclic permutation.
Class B: c 6= 0
Then we have from (14)
c 6= 0 U−→ (m = 0 n = 0), (21)
This leads to the following form for the matrices
U =
 a 0 0 b0 e f g0 h k l
c 0 0 d
 and W =
 a 0 0 f0 k c 00 b e g
h l 0 d
 . (22)
Subclass B-1: b 6= 0.
Then we have from (22)
b 6= 0 U−→ (g = 0, l = 0), (23)
which leads to the following form for the matrices
6U =
 a 0 0 b0 e f 00 h k 0
c 0 0 d
 and W =
 a 0 0 f0 k c 00 b e 0
h 0 0 d
 , (24)
where the four inner and outer 2 × 2 matrices should be unitary. Parameterizing a general 2 × 2 unitary matrix as
ω =
(
cos θei(ξ+α) sin θei(ξ+β)
− sin θei(ξ−β) cos θei(ξ−α)
)
, imposing this form on all the four 2 × 2 unitary matrices, solving the simple
issuing equalities in different matrices and then finally using the freedom of a global phase, the final form of the
resulting state turns out to be (12).
Subclass B-2: b = 0.
Then we have from (22)
b = 0
U−→ (|a| = 1) U−→ c = 0, (25)
which contradicts the basic condition of this case, namely c 6= 0. No new state results.
IV. EXAMPLES OF PME STATES IN ANY DIMENSION
A state
|Ψ〉 = 1√
d|A|
∑
A,Ac
ΨAc,A |Ac〉 |A〉
of |A+Ac| qudits is a PME state if for any division of the qudits into connected subsets of equal size |A| = |Ac|, the
operator
Ψˆ =
∑
A,Ac
[Ψ]AAc |Ac〉 〈A| ,
is unitary, in which
[Ψ]AAc = ΨAc,A
is the matrix representation of the state coefficients. More specifically a state of 2n qudits like
|Ψ〉 = 1√
dn
Ψi1···i2n |i1, i2, · · · i2n〉, (26)
is a PME state if the following matrices constructed from these coefficients are all unitary
[Ψ]
in+1...i2n
i1...in
= [Ψ]
in+2...i2ni1
i2...in+1
= · · · = [Ψ]i2n...in−1in...i2n−1 . (27)
It is then obvious that constructing PME states for arbitrary number of qudits is a highly non-trivial task, let alone
their classification. In this section we give some simple examples of these states for an even number of parties
2n. These simple examples can then be turned into rather large multi-parameter families by appropriate action of
quantum gates, as we will see.
Let |φ+〉 be a maximally entangled state of the form
|φ+〉 = 1√
d
d−1∑
i=0
|i, i〉. (28)
Then the state
|Φ+〉 :=
n∏
k=1
|φ+〉k,k+n (29)
7shared between 2n parties is a PME state.
Remark: All our results in this section are valid for arbitrary n, however in order not to clutter the text with
multiple subscripts and to stress only on the main ideas we explain only the case n = 4, i.e. states with 8 qudits. It
is readily seen by looking at the formulas and the graphs, that the arguments are also valid for general n.
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FIG. 2: An eight-particle state is a PME if for any partition consisting of four adjacent particles (the shaded area)
the density matrix is proportional to identity.
The proof is by expansion as seen by a simple example, say for n = 4. The state is then given by
|Φ+〉 = 1
d2
∑
i,j,k,l
|i, j, k, l, i, j, k, l〉. (30)
It is then clear that any subsequent indexes for four particles pertain to a complete set of orthogonal basis with the
remaining indices pertaining to another similar set. This is also best seen in figure (3). One can easily check that any
two consecutive qudits in this state are orthogonal, proving that the state is a PME. We call these states dimerized
PMEs, since they are a juxtaposition of dimer states of |φ+〉 on sites of a chain, although each dimer is extended over
sites which are far away.
Remark on the ring geometry: As it is seen from (30), the ring geometry is not essential for this state to be
a PME. It is just a bona-fide of this construction that any connected partition of the qudits, no matter what their
place is, are in a completely mixed state. The question whether on can put Bell pairs on other more complex (i.e. 2D
lattices) geometries and obtain PME states is an interesting but seemingly very difficult question, due to the many
shapes these connected partitions can take.
We can now construct more complicated PMEs by acting on the state |Ψ〉, by controlled operators. Let
|Ψ〉 = Λn+1,n+2(U1)Λn+2,n+3(U2) · · ·Λ2n−1,2n(Un−1)|Φ+〉, (31)
where Λi,j(U) is the controlled operator acting on sites i and j, where site i is the control site and site j is the target
site:
Λ(U)|i〉 ⊗ |j〉 = |i〉 ⊗ U i|j〉 =: |i〉 ⊗ |U(i, j)〉, i, j = 0, · · · d− 1, (32)
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FIG. 3: This figure shows clearly why states of the form (29) are PME. Bell pairs are on the end points of diagonals.
Any subset of adjacent particles, shaded area, contain one-half of a Bell pair which is in a completely mixed states.
where in the last equality we have introduced the shorthand notation
|U(i, j)〉 = (U)i|j〉. (33)
This is a class of multi-parameter PME states. For the sake of clarity, we write their explicit form for the case when
n is a small number, say n = 4. The argument for this simple case can easily be seen to work for arbitrary values of
n. For n = 4, we have
|Ψ〉 = Λ5,6(U)Λ6,7(V )Λ7,8(W )|Φ+〉
=
1
d2
∑
i,j,k,l
|i, j, k, l, i, U(i, j), V (j, k),W (k, l)〉. (34)
It is obvious that
〈U(i, j)|U(i, j′)〉 = δj,j′ , (35)
with similar results when U is replaced by any other unitary operator. We should now prove that any four consecutive
index set in the expansion (34), corresponds to a full set of orthogonal vectors. A direct examination of (34) using
the result (35) shows that this is indeed the case. As an example consider the indexes 3, 4, 5, 6. Starting from the
leftmost states and using (35) repeatedly, we find
〈l, i, U(i, j), V (j, k)|l′, i′, U(i′, j′), V (j′, k′)〉 = δl,l′δi,i′δj,j′δk,k′ , (36)
which clearly shows that the density matrix of the rest of the particles is proportional to identity.
Figure (4) shows the circuit which produces these states when the input state is the basic PME state |Φ+〉 of equation
(30).
One can produce another class of PME states and
|Ξ〉 = Λ2n−1,2n(Un−1) · · ·Λn+2,n+3(U2)Λn+1,n+2(U1)|Φ+〉, (37)
9U
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FIG. 4: The quantum circuit for producing the state |Ψ〉 for 8 particles. The input is the state |Φ+〉 in Eq. (30).
by reordering the controlled gates of the circuit in figure (4), as shown in figure (5). The explicit form of the resulting
state (for n = 4) is now written as:
|Ξ〉 = Λ7,8(W )Λ6,7(V )Λ5,6(U)|Φ+〉
=
1
d2
∑
i,j,k,l
|i, j, k, l, i, U(i, j), V (U(i, j), k),W (V (U((i, j), k)), l)〉. (38)
U
V
W
i
FIG. 5: The quantum circuit for producing the state |Ξ〉 for 8 particles. The input is the state |Φ+〉 in Eq. (30).
The proof that these states are PMEs is exactly like the one presented above for the states (34).
Note that as long as the operators U, V and W do not commute, the two circuits in figures (4) and (5) cannot be
converted to each other and they produce inequivalent PME states.
V. APPLICATIONS OF PME STATES
It has been shown that AME states, due to their nice properties, can find applications in many areas, notably in parallel
teleportation and quantum secret sharing [11] and in error correcting codes [14] and finally in making microscopic
models of holographic duality [20–22]. Naturally PME states, which share many of the properties of AME states may
also find such applications to a lesser or even greater degree. We will now explore these aspects.
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A. Parallel Teleportation
Given a PME state, if we split the qudits into two planar groups A and B (i.e. where each group is a connected
partition) with |A| = |B|, we have seen that the PME can be written as
|ψA,B〉 = 1
dm/2
∑
K
|K〉A U(|K〉B), (39)
where U is a unitary and {|K〉} is a basis for the A or the B part. So, if the B part performs a unitary transformation
U† on their qudits, the state turns into
|φA,B〉 = 1
dm/2
∑
K
|K〉A |K〉B , (40)
which is a maximally entangled state. It is now possible for A and B to teleport any state of dimenions d|A|. Note
that this requires that the B part be all in one place or lab, such that a unitary ∈ SU(|B|) can be applied to that
part of the state. The main difference between an AME and a PME in this case is that for an AME, teleportation is
possible between any two partitions, while here it is possible only between connected partitions.
B. Quantum State Sharing with PME states
The PME states can be used for quantum state sharing (QSS) between 2n− 1 players so that any adjacent players of
size greater than n can recover the state. The difference with the AME state is that the players should be adjacent
to each other, i.e. they should form a connected subset of the set of players. The idea can be understood by a simple
example. Consider the case n = 2 where the PME state is
|Ψ〉 =
∑
i,j,k,l
ψi,j,k,l|i, j, k, l〉1,2,3,4. (41)
In view of Eq. (1), the PME state of four particles can be expressed in different ways, depending on which bi-partition
we are interested it as
|Ψ〉 = 1
d
∑
i,j
|i, j〉1,2 ⊗ U |i, j〉3,4, (42)
or equivalently
|Ψ〉 = 1
d
∑
i,j
|i, j〉1,4 ⊗ V |i, j〉2,3, (43)
where U and V are two unitary operators. Let the first player be the distributer whom we call Alice. She can then
encode a basis state as
|i〉 −→ |S(i)〉 := 1√
d
∑
j
|j〉2 ⊗ U |i, j〉3,4 = 1√
d
∑
j
V |i, j〉2,3 ⊗ |j〉4. (44)
An arbitrary state is obviously encoded by linear extension
|α〉 =
∑
i
αi|i〉 −→ |S(α)〉 =
∑
i
αi|S(i)〉. (45)
If the players (3, 4) want to retrieve the state, they act on the state |S(i)〉 by the operator U−1 to decode it to
(U−1)3,4|S(i)〉 −→ 1√
d
∑
i,j
|j, j〉2,4|i〉3 = |φ+〉2,4|i〉3, (46)
and if the players (2, 3) want to retrieve the state, they act on the state |S(i)〉 by the operator V −1 to decode it to
(V −1)2,3|S(i)〉 −→ 1√
d
∑
i,j
|j, j〉3,4|i〉2 = |φ+〉3,4|i〉2. (47)
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In both cases an arbitrary state is retrieved by one member of the legitimate party. The same reasoning is true for
other legitimate sets, like (4,1).
This argument can easily be extended to larger number of players. Let us denote the distributor by the index a, call
her Alice, the player who is going to retrieve the state by b, call him Bob. The collaborators of Bob form a connected
subset of size n− 1. Call this subset B. (The shaded subset in figure (6) includes both Bob and B.)
a
b
B
A
FIG. 6: The distributer of the secret state is a, who encodes the state |α〉 and sends it to all of the other players.
Any connected subset (b,B) of size n or larger can collaborate so that b can retrieve the state.
The rest of the players together form a connected subset of size n− 1 which we call A.
Then the state can be written as
|Ψ〉 = 1√
d
n
∑
k0,k
|k0,k〉a,A ⊗ |Φ(k0,k)〉b,B = 1√
d
n
∑
k0,k
|k0,k〉a,A ⊗ UA|k0,k〉b,B , (48)
where we have used the PME property that for any connected subset of size n, 〈Φ(k′0,k′)|Φ(k0,k)〉 = δk0,k′0δk,k′ . Now
Alice encodes the qudit |k0〉a as follows
|k0〉a −→ |S(k0)〉b,A,B = 1√
d
n−1
∑
k
|k〉A ⊗ U |k0,k〉b,B . (49)
We now note that the A part is in a completely mixed state, since
ρA = Trb,B(|S(k0)〉〈S(k0)|) =
∑
k
|k〉〈k| = 1
dn−1
IA, (50)
which means that neither the A nor any smaller subset of it can recover the state. Furthermore, we find that the
state can be retrieved by members in (b, B) by applying U−1
U−1|S(k0)〉b,A,B = 1√
d
n−1
∑
k
|k〉A ⊗ |k0,k〉b,B = |k0〉 ⊗ 1√
d
n−1
∑
k
|k〉A ⊗ |k〉B = |k0〉b ⊗ |Ψ〉. (51)
Remark: Note that this division of players is completely arbitrary as long as the size of the A and the B part are
equal to n. The form of the operator U depends on the bi-partition, as in Eqs. (9 and 10), but we are sure that such
a unitary exists due to the PME property of the state.
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In summary, like AME states, PME states can be used for quantum state sharing and any subset of players of size
larger than half of the players can recover the encoded state, as shown above, by acting appropriately on their share
of the state. The only condition is that this subset should be a connected subset.
VI. CONCLUSIONS
Planar Maximally Entangled (PME) states are those n-partite states for which each set of adjacent particles whose
size is less than or equal to
⌊
n
2
⌋
is in a totally mixed states. These are a generalization of Absolutely Maximally
Mixed (AME) states which have been extensively studied and have many applications in quantum information theory.
The AME states are a subclass of PME states, that is, any AME state is a PME state, but the converse is not true.
We have investigated these states, classified all such states for four qubits, where we have shown that there are two
families of such states, a two-parameter family and a four parameter family, the intersection of which is the dimerized
Bell state |Ψ〉 = |φ+〉13|φ+〉24. This is in contrast to AME states where there is no such state [25]. We have then
constructed a large family of such states in any dimension and for any even number of particles. The PME states
share many of the properties of AME states which makes them suitable for application in parallel teleportation, in
quantum secret sharing and in quantum error correction, with appropriate modification. These modifications are such
that ”any subset” in AME applications should generally be replaced by ”connected subsets” or subsets of adjacent
particles provided that their size exceeds the threshold of
⌊
n
2
⌋
.
Although we have constructed large families of PME states, this construction may not be exhaustive and it would
be interesting to classify all possible PME states for any number of particles and any dimension. Another interesting
line of research is to see if or how PME states can replace the AME states in constructing microscopic models of
Holographic duality and AdS/CFT correspondence. It is known that some kinds of AME states, like the 5 qubit code,
have been used in constructing such models known HaPPY code [22]. The main property which has been effective in
constructing such models is the correspondence between AME states and isometries and the graphical representation
of tensors. In the AME case the isometric property holds true no matter how we divide the legs of a tensor into input
and output legs. In the PME case this division can be made only for adjacent legs. Whether these kind of tensors
can be used to make tessellations of two-dimensional space is an interesting line of work.
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